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Liapunov’s direct method is used to obtain regions of asymptotic stability for nonlinear
systems with natural boundaries. In some cases this leads to larger stable regions of interest
than if the bounds had been neglected. With account taken of the natural boundaries, a
design method is formuloted to find controller gains that give stable responses for anticipated
disturbances. To compare the stability effects of different controllers and their gains, the
change in the shope of the Liopunov function must be considered as well as the change in
size of the region in which its time derivative is negative definite, Neglect of changes in the
shape of the Liapunov function has led to misleading conclusions in previous work.

Liapunov’s direct (or second) method can be used to
predict the stability behavior of nonlinear systems without
solving actually the differential equations that describe the
systems. For a general discussion of Liapunov functions
(LF) and the validity of the direct method, several ref-
erences are available (4, 5,7, 9).

Until recently, work published in this area in the chem-
ical engineering literature had been sparse. In a series of
articles Berger and Perlmutter (I to 3) discussed the ap-
plication of Krasovskii's theorem to the determination of
Liapunov functions for perfectly mixed, continuous flow,
stirred-tank reactors (CSTAR). A note to their work was
added by Luecke and McGuire (10). Lapidus and co-
workers adapted the second method to an extraction sys-
tem (6) and a procedure for determining limit cycles (8).
Amundson and co-workers (12) formulated a technique
for deriving Liapunov functions for reaction systems. Wei
(13) used the direct method to determine stability in a
catalyst particle.

An adaptation of Liapunov’s theorem given by LaSalle
and Lefschetz (7) is especially useful in the design of
controllers for nonlinear autonomous systems. An auton-
omous system may be defined by the matrix equations

X = £(X)
£(0) =0 (1)

where X is a generalized state column vector that is identi-
cally zero when the system is at steady state. If there ex-
ists a positive definite scalar function V(X) with con-
tinuous first partial derivatives and negative definite time
derivative within the bounded region defined by V(X)
< K, then the system is asymptotically stable to disturb-
ances within that region, and V(X) is called a Liapunov
function for the dynamic system given by Equation (1)
in the bounded region. Applied to control system design,
this method gives positive assurance of stability as long
as disturbances are within the well-defined region about
the steady state. Linear approximations of nonlinear sys-
tems, however, only guarantee stability in a small, unde-
fined region about the steady state. A disadvantage of the
direct method is that it gives only sufficient conditions
for stability. The failure of a particular Liapunov function
to define a region as stable does not necessarily imply in-
stability for that region.
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In the applications of Liapunov’s direct method to
control system design, most emphasis has been placed on
extending the regions of asymptotic stability (RAS) to
make them as large as possible. In reference I this was
done by investigating the effect of the controller gain on
the size of the region where V(X) < 0. There are practical
cases, however, where increasing the size of the RAS
does not correspond to improved stability limits of the
system but actually leads to poorer limits. This may occur
in systems where natural boundaries are present and the
RAS overlaps the boundary, thus including a portion of
the phase space which is physically unattainable. In this
paper natural boundaries are considered and their effects
on Liapunov’s direct method are examined.

EFFECTS OF FEEDBACK CONTROL

Liapunov’s direct method can be used to examine the
effect of different feedback controller modes and gains on
the stability of the nonlinear system described by Equa-
tion (1), but in comparing different systems, one must ex-
ercise some caution. To demonstrate this it is useful to
consider a particular method of obtaining Liapunov func-
tions, the application of Krasovskii’s theorem (I to 3).
The theorem and applications have been described in the
literature (1, 3 to 5, 11) and no exposition will be given
here.

If we apply Krasovskii’s theorem to the system defined
by Equation (1), a Liapunov function is given by

V(X) = f7(X)Bf(X) (2)

where B is any positive definite, symmetric matrix. A
couvenient choice of B is the unit matrix B = I, and

V(X) = 7(X)E(X) (3)
In this case it can be shown (I, 5) that
V(X) = f7(X) [FT(X) + F(X)£(X) (4)

where F is the Jacobian matrix of £(X). In order for V(X)
to be negative definite, it is sufficient that (FT + F) be
negative definite, or that —(FT 4 F) be positive definite.

Therefore a region in which V(X) is negative definite
and the system is asymptotically stable to disturbances
can be found by determining the Sylvester inequalities of
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—(FT + F). The stable region can be defined in general
by the boundary ¢(X) = 0, which is obtained from the
Sylvester inequalities. This boundary is termed a separatrix
because it divides the phase plane into the regions where
(FT + F) is negative definite and where this condition does
not hold. However, as was pointed out by Luecke and
McGuire (10), ¢(X) = 0 is not necessarily the same
curve as V(X) = 0. Then the largest possible region of
asymptotic stability (RAS) for a particular LF derived
by this method will be defined by a V(X) = K contour
which just intercepts the boundary ¢(X) = 0, but does
not extend beyond it into the region of indeterminate be-
havior.

In choosing control systems, an obvious criterion ap-
pears to be one where the boundary ¢(X) = 0 is as far
from the steady state as possible. But this is not the only
criterion that should be applied, for in changing control
parameters, the Liapunov function also is changed, and
the change in its shape may be significant. As an example
the familiar continuous, stirred-tank reactor will be con-
sidered.

The energy and mass balances give

oC = q(Co — C) — ur (5)
pvCpT = aAHor — Ua(T —T;) + pgCp(To—T) (6)

The concentration C refers to the species reacting and r is
the rate at which it is removed by chemical reaction. By

— (FT+F) =

using transformations to first normalize the equations and
then to translate them to a form where the variables repre-
sent departures from a steady state (1), one obtains

. R
Xy = —aX;— (7)
(4]
. R
Xo=—(a+8) X+ (8)
Co
where
U
a:i ﬂ: 4
v pCpv
. _C oCpT
= e X =
'Y ¢, 7T aHC,
X=x—x
R=r—r

The subscript s denotes steady state quantity.

Addition of feedback control will intm(ilce new terms
to Equations (7) and (8). For example, T could be the
controlled variable and Tj, the temperature in a heat
exchanger, the manipulated variable. In this case Equa-
tion (8) would become

: R
Xo=—(a+8)Xs +
C,

where X; = x; — xj = some function of X, depending
on the mode of control.

If T, instead of T; is the manipulated variable, Equa-
tion (8) becomes

+ BX; (9

and in this case X, is a function of X, For proportional
control

Xo = -K'poXZ (11)

X; = — KpiXs (12)

and the system described by Equations (7) and (9), that
is, manipulating T;, will be analogous to the one described
by (7) and (10). They will be identical in the special

case where Kj; = ﬁﬁ_ Kpo. Thus manipulating T, heat

exchanger temperature, is analogous to manipulating T,
inlet temperature, and we will arbitrarily choose to
manipulate T;.

One can now apply Sylvester’s theorem to obtain a
Liapunov function, V(X), and the region in which V(X)
is negative definite. From Equation (3) it follows that
V(X) is given by

V(X) = ( —aX1—-g-- ’
R 2
H(—araxtLommn) )

The region in which V(X) is negative definite may
be obtained by examining the Sylvester inequalities of
— (FT 4+ F). In this example the matrix — (FT + F) is
given by

( 3R ) 8R dR
20 « + —
C.0X, C,0X, Co0X;
14)
oR oR ( oR ) (
- 2 _’ ,
C.0Xs  CodXy «tB=Cox, T K
and its Sylvester inequalities are
oR
2 (et ) 50 5
*t % )7 (15)
oR aR
4 )+ 8- )
a + CAx, a4 B CooX, + BKy;
( %R 9R )2 >0 (16)
C,9X, C,0X;

If a typical reaction rate such as
r= Aexp (— E/R,T)C" = kC» (17)

is assumed, and appropriate transformation and partial
differentiation are performed, inequality (15) becomes

( + nr
“ Coxl

None of the terms on the left-hand side of (18) is nega-
tive, so this inequality is always satisfied for n = 0. After
introduction of the reaction rate of (17), inequality (16)
becomes

) >0 (18)

4( a+égc—l-)( a+ﬂ—§r—-+ﬁKm)

ox22
( Qr nr
B Coxs? —a;;-
where Q = EpC,/R,AHC,.
The boundary of the region where V(X) is negative

)2> 0 (19)

. R . . . .
Xy = — (a + B) Xy + + oX, 10 definite is determined by setting the left-hand side of
2 (a+ A)X, C, « (10) (19), which may be denoted qS%x), equal to zero. Any
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Fig. 1. Regions of asymptotic stability for proportional control of
a stirred-tank reactor without consideration of the natural bound-
ary.

region that is both within a V(X) = K contour and on
the stable side of the separatrix ¢(x) = 0 is a region of
asymptotic stability.

Using the data obtained from (I) for a first-order
(n = 1) exothermic reaction, we have plotted boundaries,
¢(x) = 0, and maximum regions of asymptotic stability
for this LF in Figure 1 with the proportional control
constant K,; as a parameter. As noted by Berger and
Perlmutter (I), an increase in Kj; strengthens inequal-
ity (19) and expands the RAS, moving it further away
from the steady state point. However, this interpreta-
tion is incomplete and may be misleading since the
shape of the contour V(X) = K also changes with Kp;.
For the example used, the range of temperature in which
the system is asymptotically stable first increases but then
goes through a maximum and decreases as Kp; is increased
further. Therefore, the position of the boundary ¢(x)
= 0 is not the only consideration in deciding on a con-
troller gain, for in choosing an optimum setting, the
stable limits on a particular variable may be far more im-
portant than the absolute size of the RAS.

Derivative control as given in (I) also appears to
increase stability if one is guided only by its effect on the
constraint, ¢(x) = 0, but in this case the RAS predicted
actually shrinks because of the change brought about in
the Liapunov function. This is shown in Figure 2 where
two different values of the derivative control constant K,
are used as parameters, For this case, identical with one
in the literature (1), the inlet temperature was the
manipulated variable.

The curves shown in Figures 1 and 2 were generated
with a short digital program solved on the IBM 7040-7094
system at the Computer Center of the University of Wash-
ington.

Again it should be noted that the analysis using Liapu-
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Fig. 2. Regions of asymptotic stability for derivative control, as given
in reference (1), of g stirred-tank reactor.

nov’s direct method provides only sufficient conditions
for stability; the system may in fﬁct be globally stable
even when a bounded RAS is predicted. Complete knowl-
edge of the actual transient begavior of the reactor would
be valuable for comparing the approximate RAS with the
true RAS, but to establish this knowledge, even in the case
of global stability, requires extensive computation since
both a unique steady state and the absence of limit cycles
must be proven. Bendixon’s theorem (4) was applied in
testing for limit cycles in the example above, but results
were inconclusive. The actual transient behavior is not
necessary, however, for extending and improving applica-
tions of Liapunov’s direct method.

LIAPUNOV FUNCTIONS FOR NATURALLY
BOUNDED SYSTEMS

Some systems are naturally constrained by boundaries
due to their physical nature. For example, if the reactor
described in the previous section suffered only temperature
disturbances, the concentration of reactant in the vessel
could never exceed the concentration in the feed, nor could
it be negative. Thus the range of the variable x,; is

0=x=10

If large disturbances in the feed concentration were an-
ticipated, some estimate of the upper bound on x; would
probably be available. In such cases a change in the
Liapunov function and the separatrix ¢(X) = 0, could
lead to an overall increase in the RAS, but an actual de-
crease in the RAS within the true region of interest, that
is, the region where the variables are within their natural
bounds. Conversely, an overall decrease in the RAS
could be accompanied by an actual improvement of the
stability limits for the real system. In these cases, ex-
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Fig. 3. Natural boundary improves the region of asymptotic stability.

amining only the RAS while ignoring the natural bound-
aries is superficial.

On the other hand in systems with natural bounds, the
largest contour, V(X) = K, can cross the separatrix into
the region of indeterminate stability, if the indeterminate
region so enclosed is outside the natural boundary of the
system. This follows since no trajectory of a real system
can cross the natural boundary. This can be seen by ex-
amining the differential equations which describe the sys-
tem. In Equation (5), for example, the derivative of con-
centration with time must be zero or negative at C = C,,
and the concentration must either decrease or remain
constant.

Two hypothetical cases are illustrated in Figures 3 and
4. In Figure 3 the contour V(X) = L encloses the RAS
that would be found by ignoring any natural boundary.
The larger contour V(X) = K would be rejected if only
the criterion that V(X) < 0 was applied. If, however, the
system is subject to the natural bound that 0 = x, = 1.0,
the RAS is bounded by x; = 1.0, x; = 0.0, and V(X)
= K. In this case consideration of the natural bound ex-
tends the RAS in the region of interest.

INDETERMINATE

Vix)<0 REGION

{xap, ¥ip)
L
X2
Fig. 4. Natural boundary does not improve the region of asymptotic
stability.
Page 6

AIChE Journal

x;, NORMALIZED CONCENTRATION

10 no 120 30
X2, NORMALIZED TEMPERATURE

Fig. 5. Regions of asymptotic stability for proportional control of
a stirred-tank reactor utilizing the natural boundary.

Figure 4 depicts a case where the natural bound will
not ameliorate the RAS. Although the figures have been
plotted in terms of reduced variables to emphasize the
natural boundary, plots with disturbance variables would
give equivalent results.

Consideration of natural boundaries may modify the
interpretation of what happens when feedback control is
added to a process. Figure 1 showed that increasing the
gain of a proportional controller on a stirred-tank reac-
tor led first to an increase followed by a decrease in sta-
ble range of temperature disturbances. But no considera-
tion for natural bounds was made. If it is assumed that the
concentration variable x; is constrained to values such
that 0 = x; = 1.0, one can analyze the system differently.
Figure 5 shows a segment of the entire phase plane where
attention has been confined to the region of interest (data
the same as for Figure 1). The separatrices ¢(x) = 0 are
plotted for two values of controller gain, Kp; = 100 and
K,; = 500, and are the same as the separatrices of Figure
1. The contour V(X) = K may be chosen differently than
before, however, since the only concern is that it does not
cross the separatrix in the region 0 = x; = 1.0 but may
cross it outside this region. The largest RAS that lies
within the natural boundary for each controller setting is
defined by the contours shown in Figure 5, and for this
case it is apparent that the RAS in the region of interest
increases with controller gain, and the range of stable
temperature disturbances increases significantly with a
change in Kp;. In the case considered, these large disturb-
ances might well cause a proportional controller to be-
come saturated. Nevertheless, this example illustrates the
advantage of using natural boundaries whenever possible.

Care should be taken to ensure that no region is en-
tered where any of the first partial derivatives of V(X)
becomes discontinuous. This would invalidate the theorems
upon which the analysis is based. [For reaction rates of
order n, where 0 < n < 1.0 the partial derivative of V(X)
with respect to X; is discontinuous at x; = 0.0, but as
noted by Berger and Perlmutter (3), no trajectory start-
ing above zero concentration can ever reach zero.] The
possibility of a disturbance starting at zero concentration
seems remote. Therefore, stability information for these
reaction orders (0 < n < 1.0) can be obtained in the
same manner as when n = 1.0,

Design for Stability

From the foregoing properties of systems having natural
bounds, a systematic procedure for designing control sys-
tems or checking asymptotic stability limits of existing
systems can evolve because V(X) and 4(X) contain
control parameters. To this end, a few pertinent observa-
tions will be made.
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By comparison of Figures 3 and 4, which represent
second-order nonlinear systems, it becomes evident when
an upper natural boundary can be utilized as an aid in
enlarging the RAS of interest. In both cases V(X) = K
has been constructed to intersect ¢(x) = 0 where it
crosses the boundary x; = 1.0. In Figure 3 the enlarged
region does not allow a trajectory to cross ¢(x) = 0, while
in Figure 4 it does, and no stability information can be
obtained from the enlarged area. For convenience, the
two curves ¢(x) = 0 and V(X) = K will be referred to
as ¢ and V, respectively. The point of intersection of ¢
with the natural bound is b. The other point of intersec-
tion between the constraint ¢ and the LF V is p.

If there are no more than two intersections between ¢
and V and ¢ intersects the natural bound at no more than
one point, a design procedure can be formulated. If ¢
is monotonic and V is convex, these criteria are assured.
For an upper natural bound, for example, x; = 1.0, the
two intersection points are compared. If xy, < x1p, the
method will give increased stability information because
the LF encircles part of ¢ inside the region of interest.
If x5 > x1p, the method will not give increased stability
information because the LF will encircle part of ¢ inside
the region of interest. For a lower bound the reverse is
true. If the steady state is stable, no intersections between
V and ¢ corresponds to 2 RAS within all of the Liapunov
function, and one intersection, a point of tangency, is
equivalent to no intersections for that LF.

It is first necessary to determine that the steady state is
indeed stable for the LF obtained from Krasovskii's theo-
rem. This is accomplished by substituting the coordinates
of the steady state into the constraint. If & (x15, %25) > 0,
the steady state is stable. If ¢(xys, %3s) = 0, search for
a better LF.

If it is desired to estimate the size of the largest stable
disturbance for a given controller gain, solve the equa-
tions, V(X) = K and ¢ (x) = 0, simultaneously at the
boundary. This point can be used to obtain K, and then
check for the other point of intersection. With x5 < %y
assumed, the largest LF (by this method) has been
found.

If the reverse is desired, that is, given some maximum
disturbance at a boundary, find the smallest controller
gain which will cause it to return to the steady state,
substitute this point directly into ¢(x) = 0, anc{ obtain
K,. More generally other disturbances besides those at a
bound could be used, but the algebra becomes more
complicated. Then find the two intersections of V and ¢
to verify the proper relationship between x1, and x;p. Plot
a few points of V(X) to show whether the stable dis-
turbances at other x; are adequate.

To illustrate this procedure, assume that one wants to
find the smallest gain of a proportional feedback con-
troller manipulating reactor coolant temperature that will
ensure stability for a 54°F. disturbance at the bound,
Xy = 1.0.

(54) (p) (Cy)
(aH) (C,)

The constraint formed from the Sylvester inequality of
the Jacobian matrix for this system is given by setting
inequality (19) equal to zero. The Liapunov function is
obtained from Equation (13), and the values of the
CSTAR parameters are obtained from reference I.

From é(xgw, x25) = 0, Kp; = 77.4 This is equivalent
to Ky, = 3.87 for proportional control manipulating the
feed temperature.

Substitution of x;5, %25, and Kp; into Equation (13)
gives V(X) = 59.1 To check the intersections of ¢ and
V, solve ¢(x) = O for x;.

Xop = Xog =112
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Fig. 6. Region of asymptotic stability for the example.

— (20 + k) = 2\/(a + k) (2a + B + BKyj)
Ok

x22

X =

Choose the positive root to remain in the physical real-
izable part of the phase plane.

_ [688 {2+ k) — (4 + k) Ix?
o 185k

(20)

X1
For the LF we have

[—%(2 + k) + 2.02]% + [kx, — 9.84x, + 99.5]2 = 59.1
(21)

These two equations could be solved simultaneously
by substituting the value of x; from Equation (20) into
Equation (21). But, due to the exponential terms [con-
tained in k from Equation (17)] that occur in this ex-
ample, it is probably just as easy to plot a few points to
determine the intersections. This procedure has the added
advantage of showing the shapes of the curves. Informa-
tion would also be needed for the stability range at other
concentrations. This requires the solution of V(X) =
59.1 at a few points for 0 < x; < 1.0, The points and
curves are given in Figure 6. Note that there are only two
intersections of ¢ and V, and x;, < x;,. Also ¢ is monotonic
and intersects x; = 1.0 at only one point. Thus the method
is valid. Also observe that K,; = 77.4 in this example
gives a larger range of stable temperatures than any
K,; in Figure 1 where the natural boundary is not used.
Figures 5 and 6 were obtained in the same manner as
Figures 1 and 2.

Other types of control could be used, for example,
proportional plus derivative negative feedback manipulat-
ing the feed temperature. For this control mode

Xo=—Kpo(Xp + Kdoj(2)
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which gives the constraint equation

(ot Y atp
> VAN CodXs
o R 1
Kokio [ g )
1+ aKpoKdo CoaXZ Kdo
( oR dR )2 -0
C03X2 CaaXI
and the LF
vx—( X R)2+[R X ( )
(X) = —aXi— C. 2 (e + B

KpoKao 1 R \1?
1 + aKpoKdo Kdo Co
The preceding procedure could be used if the appropriate

criteria are fulfilled, but one of the control constants would
have to be determined by some other information.

CONCLUSIONS

It has been shown that the region of asymptotic stabil-
ity determined by a Liapunov function obtained by using
Krasovskii’s theorem can be extended if there exists a
natural boundary of the system beyond which a trajec-
tory cannot pass, and if this boundary lies inside the point
of tangency between the Liapunov function and the
constraint. Significant increases in the range of stable
temperatures were obtained by considering the natural
boundary in the case of the continuous stirred tank re-
actor. This method is not limited to Liapunov functions
obtained by Krasovskii's theorem. Any method of ob-
taining these functions which gives a curve that bounds a

region where V(X) < 0 and intersects a natural boundary
of the system could be used.

Taking advantage of this point of intersection where
the Liapunov function, the constraint, and the natural
bound all have the same point in common, a design pro-
cedure was developed for a second-order nonlinear sys-
tem and applied to the continuous flow, perfectly mixed,
stirred-tank reactor. This information would be of ben-
efit in the design of a controller for a nonlinear system by
depicting the range of disturbances for which different
controller gains would effect a return to the steady state.
Two different approaches could be used. One could de-
sign by using linear approximations and then check to
make sure the actual nonlinear system is stable for suffi-
ciently large disturbances, or one could choose the con-
troller gain directly by anticipating the largest disturb-
ance.

It has been emphasized that in investigating the effects
of altering controller gains, it is not sufficient to merely

examine the change in the size of the V(X) < 0 region.
The change in the Liapunov function must also be con-
sidered.

A Liapunov function only furnishes sufficient conditions
for asymptotic stability and thus the results and methods
of this paper are conservative. The controllers have been
assumed to be perfect; lags and deadtime have been
omitted. However, the stability ranges obtained give a
far clearer picture of the stability behavior of a system
than can be achieved by a linear analysis which can only
assure stability of a nonlinear system for sufficiently small
disturbances, and can give no. information about the
region of asymptotic stability when the linearized system
predicts continuous oscillation.
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arbitrary function (column vector)
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reaction rate temperature dependence
proportional control constant
derivative control constant
reaction order
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Greek Letters

o =q/v

B = Ua/pCpv

AH = exothermic heat of reaction

P = density

#(x) = constraint that defines V(X) < 0 region

Superscripts and Subscripts
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time derivative

vector or matrix

natural boundary

feed stream

reactor coolant

point of intersection other than at b
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